In the present work, the problem of Hiemenz ow through a porous medium of a incompressible nonNewtonian Rivlin-Ericksen uid with heat transfer is presented and newly developed analytic method, namely the homotopy analysis method (HAM) is employed to compute an approximation to the solution of the system of nonlinear di erential equations governing the problem. This ow impinges normal to a plane wall with heat transfer. It has been attempted to show capabilities and wide-range applications of the homotopy analysis method in comparison with the numerical method in solving this problem. Also the convergence of the obtained HAM solution is discussed explicitly. Our reports consist of the e ect of the porosity of the medium and the characteristics of the Non-Newtonian uid on both the ow and heat.
Introduction
The two dimensional ow of a uid near a stagnation point was rst examined by Hiemenz who demonstrated that the Navier-Stokes equations governing the ow can be reduced to an ordinary di erential equation of third order using similarity transformation [1] . In order to include various physical e ect, stagnation point ow was extended in numerous ways. It is of great technical importance, for example in the prediction of skin-friction as well as heat/mass transfer near stagnation regions of bodies in high speed ows and also in the design of thrust bearings and radial di users, drag reduction, transpiration cooling and thermal oil recovery. The axisymmetric three dimensional stagnation point ow was studied by Homann [2] . In hydromagnetics, the problem of Hiemenz ow was chosen by Na to illustrate the solution of a thirdorder boundary value problem using the technique ofnite di erences. Ariel [3] gave approximate solution of the same problem. Attia [4] in the presence of uniform suction or injection investigated the e ect of an externally applied uniform magnetic eld on the two or three-dimensional stagnation point ow. One of the important subject with many engineering applications is the study of heat transfer in boundary layer ows. Massoudi and Ramezan [5] used a perturbation technique to solve for the stagnation point ow and heat transfer of a Non-Newtonian uid of second grade. Their result is valid only for small values of the parameter that determines the behavior of the Non-Newtonian uid. The problem was extended to nonisothermal surface by Massoudi and Ramezan. Garg [6] improved the solution obtained by Massoudi by computing numerically the ow characteristics for any value of the Non-Newtonian parameter using a pseudo-similarity solution.
In recent years, there has been some interest on ows of Non-Newtonian uids where inertial e ects are significant. Boundary layer theories for uid similar to a second grade uid have been formulated by Rajeswari and Rathna, Bhatnagar, Beard and Waiters, and Frater. Rajagopal et al. developed a boundary layer approximation for a second grade uid [7] . Because of the equations of motion of a second grade uid are one order higher than the Navier-Stokes equations, we need a boundary condition in addition to the usual adherence boundary condition. Beard and Waiters [8] used a perturbation procedure, using the coe cient that multiplies the highest order term in the equation as the perturbation parameter thereby lowering the order of the equation.
Due to the widespread applications such as oil recovery, paper and textile coating, composite manufacturing processes, mixture theory, ltration processes, geothermal engineering, insulation systems, ow through porous media received substantial attention. The attempts to include porous media in the ows of the complex uids need some new physical parameters besides Non-Newtonian uid parameters. Thus, Darcys equations or some generalization of it depending on pressure eld, not neglecting porosity, are appropriate to study this type of ows thorough the porous media which is rigid or nearly rigid solid. Liu [9] examined ow of an electrically conducting uid of second grade thorough porous media subject to transverse magnetic eld over the stretching sheet with power-law surface temperature.
Channel ow with porous medium of a MHD-driven second-grade uid have been considered by Hayat and Abbas [10] . MHD ow of a Sisko Fluid occupying porous media have been investigated by Khan et al. [11] . Yih [12] has reported on the e ects of uniform suction or blowing and magnetic eld on the heat transfer characteristics of the Hiemenz problem in porous media.
Simultaneous heat transfer from di erent geometrics embedded in porous media has many engineering and geophysical applications such as geothermal reservoirs, drying of porous solids, thermal insulation, enhanced oil recovery, packed-bed catalytic reactors, cooling of nuclear reactors, and underground energy transport. Nakayama and Koyama [13] investigated free convection over a vertical at plate embedded in a thermally strati ed porous medium. Gorla et al. [14] have considered the e ects of thermal dispersion and strati cation on mixed convection about a vertical surface in a porous medium. The heat transfer characteristics of mixed convection ow over a vertical at plate embedded in porous medium is investigated by Hassanien et al. [15] .
The in uence of variable viscosity on forced convection heat transfer over a at plate in a porous medium is examined by Seddeek. Also, Seddeek [16] studied the thermal radiation and buoyancy e ects on MHD free convection heat generation ow over an accelerating permeable surface with temperature dependent viscosity.
Modeling of natural or physical phenomena leads to solving nonlinear di erential equations (DEs) arise in bounded or unbounded domains. Solution of these equations is not easy especially through analytical and numerical approach. Therefore, endless e orts of researchers are directed to nd ways to solve them or to decrease the error in solutions [17] [18] [19] [20] . In 1992, Liao [21] employed the basic ideas of the homotopy in topology to propose a general analytic method for nonlinear problems, namely homotopy analysis method (HAM), [22] [23] [24] [25] [26] . Based on homotopy of topology, the validity of the HAM is independent of whether or not there exist small parameters in the considered equation. Therefore, the HAM can overcome the foregoing restrictions and limitations of perturbation methods [27] . Furthermore, the HAM always provides us with a family of solution expressions in the auxiliary parameter . The convergence region and rate of each solution might be determined conveniently by the auxiliary parameter . The HAM also avoids discretization and provides an e cient numerical solution with high accuracy, minimal calculation and avoidance of physically unrealistic assumptions. Besides, the HAM is rather general and contains the homotopy perturbation method (HPM) [11] [12] , the Adomian decomposition method (ADM) [28] and δ-expansion method. In fact, HPM and ADM are always special cases of HAM when = − . The convergence of HAM solution series is dependent upon three factors, that is, the initial guess, the auxiliary linear operator, and the auxiliary parameter . However, as a special case of homotopy analysis method, the convergence of HPM solution series is only dependent upon two factors: the auxiliary linear operator and the initial guess. So, given the initial guess and the auxiliary linear operator, HPM cannot provide other ways to ensure that the solution is convergent. When the HPM is applied to a problem, a good enough initial approximation and/or auxiliary operator are necessary to ensure that the solution is convergent. However, as pointed out by Liao [22] , there are no rigorous theories to direct us to choose the initial approximations, auxiliary linear operators, auxiliary functions, and auxiliary parameter . From the practical viewpoints, there are some fundamental rules such as the rule of solution expression, the rule of coe cient ergodicity, and the rule of solution existence, which play important roles within the HAM. Unfortunately, the rule of solution expression implies such an assumption that we should have, more or less, some knowledge about a given non-linear problem a prior. So, theoretically, this assumption impairs the HAM, although we can always attempt some base functions even if a given non-linear problem is completely new for us.
In recent years, the homotopy analysis method has been successfully employed to solve many types of nonlinear problems such as the nonlinear equations arising in heat transfer [29] , the nonlinear model of di usion and reaction in porous catalysts [30] , the chaotic dynamical systems [31] , the non-homogeneous Blasius problem [32] , the generalized three-dimensional MHD ow over a porous stretching sheet [33] , the wire coating analysis using MHD Oldroyd 8-constant uid [34] , the axisymmetric ow and heat transfer of a second grade uid past a stretching sheet [35] , the MHD ow of a second grade uid in a porous channel [36] , the generalized Couette ow [37] , the squeezing ow between two in nite plates [38] , the steady three-dimensional problem of condensation lm on inclined rotating disk [39] , the Burger and regularized long wave equations [40] , the laminar viscous ow in a semi-porous channel in the presence of a uniform magnetic eld [41] , the ow and di usion of chemically reactive species over a nonlinearly stretching sheet immersed in a porous medium [42] , the heat transfer over an unsteady stretching permeable surface with prescribed wall temperature [43] , the unsteady three-dimensional MHD ow and mass transfer in a porous space [44] , the unsteady MHD ow of Maxwellian uids above impulsively stretching sheets [45] , the developed MHD micropolar uid ow between vertical porous plates [46] , the Sturm-Liouville problems [47] , the gas ow through a micro-nano porous media [48] , the Poiseuille ow of a third grade uid in a porous medium [49] , the heat transfer in pipe ow of a Johnson-Segalman uid [50] , the SIR (SusceptiblesInfectives-Removed) models of epidemics [51] , the generalized Zakharov equation [52] , the fractional Lorenz system [53] and other problems [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] . All of these successful applications veri ed the validity, e ectiveness and exibility of the HAM. This paper is arranged as follows: in Section 2, a mathematical model has been proposed to describe the non-newtonian behavior of Rivlin-Ericksen uid with heat transfer. In Section 3, we apply our method to the problem. In Section 4, in order to achieve proper we minimize the Euclidean norm of residual. In the last section, we present our results through tables and gures to show how accurate is our results. Also, a comparison is made between the analytical results with those of previously reported along with the numerical results obtained by radial basis functions method [67, 68] . Finally, the conclusions are described in this section.
Problem formulation
There are many uids whose behavior cannot be described by the classical Navier-Stokes model. One of the many models that has been proposed to describe the nonnewtonian behavior of such uid is the incompressible uid of second grade. In present study, these uid impinges perpendicular to a plane directed along x-axis. A plane potential ow arriving from y-axis, impinges on the at plate situated at y = and divides in two streams and leaves the wall in two directions. The ow near the wall must satisfy the wall boundary conditions. Far away the wall, we reach the invisid potential ow sliding along the walls. The component of velocity in the cartesian coordinates (x, y) has been de ned as u and v. But U and V are the potential velocity component . The velocity distribution in the frictionless region in the neighborhood of the stagnation point is given by
where c > is the dimensional constant which is proportional to far eld velocity. In these uids the Cauchy stress T is related to the uid motion in the following manner:
where p denotes the pressure, I is the identity tensor, µ is the viscosity of the uid, the scalar constant α and α are the normal stress moduli ,A and A are the rst twoRevlin-Ericksen tensors given by: 
The newtonian uid is described when α = α = .
Here we consider the case of the reduced Revlin-Ericksen uid in which α = . Mass conservation is written as:
We use momentum equation which is non newtonian porous medium analog of the Navier-Stokes equation. We neglect body forces such as gravity. Darcy's law revealing a proportionality between ow rate and the applied pressure di erence is used in momentum equation. The momentum equation is:
where T is cauchy stress and the darcy resistance (R) is:
where the coe cient kp is independent of the nature of the uid but it depends on the geometry of the medium. It has dimensions (length) and is called permeability. Then, by using the usual boundary layer approximations and stress component and porosity force the continuity and momentum equations Eqs. (2.3) and (2.4) for two-dimensional steady-state ows reduce to:
The energy equation for temperature T by neglecting viscous dissipation terms and applying boundary layer approximations, is given by:
where T is the uid temperature, cp is speci c heat capacity at constant pressure and k is the uid thermal conductivity. The boundary conditions on wall and far from it is written as:
where T∞ is the constant temperature of the uid far away from the wall and Tw is the wall temperature. Next applying similarity relations:
where the prime denotes di erentiation with respect to η. ν is kinematic viscosity and de ned as ν = µ/ρ . We apply the non-dimensional variable for heat transfer equation as follow:
By using the similarity relations Eqs. (2.10) and (2.11), continuity relation , Eq. (2.5) is identically satis ed and it can be shown that similarity solution of the Eq. (2.6) exists for the stagnation point ow for which we get:
By applying similarity variables Eqs. (2.10) and (2.11), the new transformated boundary conditions are written as:
where K is dimensionless normal stress modulus, K = α c/µ, M is the porosity parameter, M = ν/ckp, and Pr = µcp /k is prandtl number. The ow equation is constitutes non-linear, non-homogeneous boundary value problem. By computing T in terms of θ , we have : 
Thus, θ ′ ( ) is proportional to wall heat transfer.
For boundary layer ow, the wall skin friction tensor τw is given by: 
Method of solution
The rst step in the HAM is to nd a set of base functions to express the sought solution of the problem under investigation. As mentioned by Liao [22] , a solution may be expressed with di erent base functions, among which some converge to the exact solution of the problem faster than others. Such base functions are obviously better suited for the nal solution to be expressed in terms of. Noting these facts, we have decided to express f (η) and θ(η) by a set of base functions of the form
and write
where aq,m, and bq,m are the coe cients to be determined later using the governing equations, Eqs. (2.12) and (2.13), and its corresponding boundary conditions Eq. (2.14). This expression (3.2) and (3.3) satis es the rule of solution expression for f (η) and θ(η) as required in the HAM [22] . According to this rule, and with an eye on the boundary conditions as given by Eq. (2.14), we choose an initial guess for the solution in the following form:
In the second step, we need to choose an appropriate auxiliary linear operator. The basic idea of the HAM is to transform the nonlinear governing equation into an in nite number of linear equations with the advantage that unlike other techniques, one has the freedom to choose the linear operator. Moreover, in the HAM it is not necessary for the linear operator to be of the same order as the original nonlinear equation (for more details see Ref. [69] ). Using these ideas, we introduce the auxiliary linear operators in the form of
with the properties
where {C i } i= and {D i } i= are integral constants to be determined by boundary conditions. Obviously, C should be chosen to be zero because we seek a nite solution. From Eqs. (2.12) and (2.13) we de ne nonlinear operators
and then construct the homotopy
where ≠ is the convergence-control parameter, H (η) and H (η) are auxiliary functions. Setting H i [ϕ(η; p), ψ(η; p)] = , for i = f , θ, we have the zeroorder deformation problems as follows: 9) and when p = , because of ≠ and {H i (η)} i= ≠ the solutions are equivalent to those of Eqs. (2.12) and (2.13) provided that the conditions 
where
Obviously, the convergence region of the series (3.11) and (3.12) depends upon the auxiliary linear operators L f and L θ , the auxiliary parameter , and the two non-zero auxiliary functions H (η) and H (η). If all of them are properly chosen so that the convergences of the above two series at p = are guaranteed, the series solutions of Eqs. (2.12) and (2.13) can be expressed as follows
To make the mathematics more tractable, we de ne the vectors 
where we have 
The general solution of Eqs. (3.17) and (3.18) are 
(3.23) and according to our algorithm, the another boundary conditions are satis ed. In this way, it is easy to obtain the terms fm(η) and θm(η) for m = , , , ..., of Eqs. (3.17) and (3.18) one after the other (say, using symbolic softwares such as Mathematica or Maple). In order to satisfy the rule of solution expression, the rule of coe cient ergodicity, and the rule of solution existence [22, 70] , we have some freedom in choosing the auxiliary function H(η). It is found that converged solutions can be obtained using either H(η) = or H(η) = e −κη where κ is an integer. In practice, however, it was realized that using the latter results in a series which converges faster. Therefore, in the following sections we use
At the Nth-order approximation, we have below form of analytical solution of Eqs. (2.12) and (2.13)
(3.24)
N must be su ciently large. In practice, we decided to stop the calculations at N = ( -order) having realized that a su ciently small tolerance has been met. Thus, the nonlinear Eqs. (2.12) and (2.13) are converted into a series of linear boundary value problems as in Eqs. (3.17) and (3.18) , which can be easily solved by symbolic computation software such as Mathematica and Maple.
Convergence of HAM solution
HAM provides us with great freedom in choosing the solution of a non-linear problem by di erent base functions. This has a great e ect on the convergence region because the convergence region and rate of a series are chie y determined by the base functions used to express the solution. Therefore, we can approximate a non-linear problem more e ciently by choosing a proper set of base functions and ensure its convergency. On the other hand, as pointed out by Liao in his book [22] , the convergence and rate of approximation for the HAM solution strongly depends on the value of auxiliary parameter . Even if the initial approximation, the auxiliary linear operator, and the auxiliary function are given, we still have great freedom to choose the value of the auxiliary parameter . So, the auxiliary parameter provides us with an additional way to conveniently adjust and control the convergence region and rate of solution series. By means of the so-called -curves it is easy to nd out the so-called valid regions of to gain a convergent solution series. When the valid region of is a horizontal line segment then the solution is converged. It is worthwhile to be mentioned that for di erent values of parameters (K, M, Pr) a new -curve should be plotted. As using a unique -curve for all cases may lead to a considerable error. Therefore, in this study we have obtained admissible values of for all cases; for example in our case study according to Figure 1 we depicted the -curve of f ′′ ( ) and θ ′ ( ) for K = , M = , Pr = . . By considering the -curve we can obtain the reasonable interval for in each case. To choose optimal value of auxiliary parameter, the averaged residual errors (see Ref. [71] for more details) of 
We try to minimize R j (η, ) (for j = , ) by choosing good auxiliary parameter . We de ne R j (η, ) as
, j = , , ..., n , By solving two above equations, the optimal values of for f (η) and for θ(η) are obtained and the series solutions lead to appropriate convergence rate. we call the optimal value of for f (η) and for θ(η) by name and , respectively. The values of residual norm for some N and appropriate parameters and are reported in Table 1 . Also, to see the accuracy of the solutions, the residual errors are shown for 15th-order approximation and deferent value of parameters in Figures 5 and 7 . 
Concluding remarks . Results
In this section, the numerical results of the model equations presented in Section 1, obtained by using HAM are discussed. For this proposed and have a clear insight of the problem, we displayed the numerical results with the help of graphical illustrations and tables. . few e ect on the temperature pro le θ(η), in order to with increase of the parameter M the temperature pro le θ(η) decrease. Table 2 shows variations of the wall shear stress f ′′ ( ) relative to K and M (Pr = . ) for 15th-order approximation. In constant porosity parameter (M), the variable wall shear stress decreases as K increases. Also, the wall shear stress increases steadily with the increment in M for all values of K. Thus, as porosity parameter (M) increases, We encounter the skin friction coe cient increment. Also, Table 3 shows variations of the wall heat transfer rate θ ′ ( ) relative to K and M (Pr = . ) for 15th-order approximation. In constant porosity parameter(M), the variable wall heat transfer rate decreases as K increase. The wall heat transfer rate increases steadily with the increment in M for all values of K. In these tables, our results are compared with those of Attia [72] . Further, the Gaussian radial basis function method [29] with shape parameter c = and iteration number N = is also utilized as a criteria to verify our results. During the study the reliability and e ectiveness of the applied method are demonstrated. 
. Conclusion
The two-dimensional stagnation point ow through a porous medium of a viscous incompressible nonNewtonian Rivlin-Ericksen uid with heat transfer is studied. A analytical solution for the governing equations was obtained that allows the computation of the ow and heat transfer characteristics for various values of the non-Newtonian parameter K, the porosity parameter M, and the Prandtl number Pr. The results indicate that increasing the parameter K increases the thermal boundary layer thickness and decreases the velocity pro le while the porosity of the medium has a reversed e ect. Besides, the homotopy analysis method provides us with freedom to choose the auxiliary parameter and the auxiliary function H(η). Also, with -curves we can control the speed of convergence. The solutions showed the validity and potential of the homotopy analysis method for nonlinear problems in the science and engineering. Last but not least of all is the notion that the analytical approach drawn in this work is of a general nature meaning that it can easily be extended to other steady ow problems dealing with Newtonian and/or non-Newtonian uids.
